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How to approximate a manifold with a set of k points,
from a noisy sample ?

Claire Brécheteau Robust geometric inference



Claire Brécheteau Robust geometric inference



Claire Brécheteau Robust geometric inference



Claire Brécheteau Robust geometric inference



Claire Brécheteau Robust geometric inference



Claire Brécheteau Robust geometric inference



1 The k-means and trimmed k-means methods

2 A Robust distance function - the distance-to-measure function

3 The k-PDTM - Approximating compact sets with a union of k balls

4 The k-PLM - Approximating compact sets with a union of k ellipsoids

5 Data clustering with the k-PLM

6 Some theory for the trimmed criterion - for Bregman Divergences

Claire Brécheteau Robust geometric inference



The k-means method
P distribution on Rd

c = (c1,c2, . . . ,ck ) ∈ (Rd )k codebook

Definition
The optimal codebook c∗ minimizes the k-means loss function

R : c 7→ P min
i=1..k

‖ ·−ci ‖2.
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Figure – Lloyd’s algorithm method
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Figure – Lloyd’s algorithm method
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Trimmed k-means

Definition
The optimal trimmed codebook c∗h minimizes the trimmed k-means loss function

Rh : c 7→ inf
P̃ ,hP̃≤P

P̃ min
i=1..k

‖ ·−ci ‖2.

Figure – Trimmed k-means
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(Trimmed) k-means for the distance-approximation problem ?

Trimmed k-means :

⇒ Not working...
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Distance to the compact Distance to the sample

Distance to the empirical
measure
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The Distance-to-measure function

Distance-to-measure (DTM)

d2
P,h(x) = Px,h‖ ·−x‖2

= inf
t∈Rd

Pt ,h‖ ·−x‖2

= ‖m(Px,h )−x‖2 + v(Px,h )

= inf
t∈Rd

‖m(Pt ,h )−x‖2 + v(Pt ,h )

Notation : Mean m(P ), Va-
riance v(P ).

 Sublevel sets of the DTM : union of balls.
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The k-PDTM

t∗ ∈ arg min
t

P min
j=1..k

‖ ·−m(Pt j ,h )‖2 + v(Pt j ,h ).

Definition

The k-power distance-to-measure (k-PDTM) dP,h,k is defined for x ∈Rd by :

d2
P,h,k(x) = min

j=1..k
‖x−m(Pt∗j ,h)‖2 +v(Pt∗j ,h)
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Approximation of the DTM with the empirical k-PDTM

P
∣∣∣d2

Qn,h,k(·)−d2
P,h(·)

∣∣∣≤ P
∣∣∣d2

Qn,h,k(·)−d2
Q,h,k(·)

∣∣∣+P
∣∣∣d2

Q,h,k(·)−d2
P,k(·)

∣∣∣
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Wasserstein stability for the k-PDTM

Proposition
If Supp(P) ⊂ B(0,K ), and Q‖.‖ <∞,
then P

∣∣∣d2
Q,h,k(.)−d2

P,h(.)
∣∣∣ is bounded from above by

3‖d2
Q,h −d2

P,h‖∞,B(0,K ) +P
(
d2

P,h,k(.)−d2
P,h(.)

)
+4W1(P,Q) sup

s∈Rd
‖m(Ps,h)‖

with P
(
d2

P,h,k(.)−d2
P,h(.)

)
of order k− 2

d ′ for a “d ′-dimensional distribution”.
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Approximation of the k-PDTM from point clouds

Supp(P) =X ⊂ B(0,K )
Xi = Yi +Zi , Yi and Zi all independent, Yi ∼ P , Zi sub-Gaussian with variance
σ2 ≤ K 2

Qn = 1
n

∑n
i=1δXi .

Theorem (B. - Levrard 2020)
For every p > 0, with probability larger than 1−10n−p , we have

∣∣∣Pd2
Qn,h,k(.)−d2

Q,h,k(.)
∣∣∣≤C

√
k log(k)d

K 2((p +1)log(n))
3
2

h
p

n
+C

Kσp
h

.

 optimize in k the quantity

C
√

k log(k)K 2((p +1)log(n))
3
2

h
p

n
+CP,h k− 2

d ′ .

Optimal choice k ∼ n
d ′

d ′+4 .
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An algorithm

Algorithm 1 Approximation of the k-PDTM centers
1: Input Xn a n-sample from P , q and k
2: Sample t1, t2,. . . tk from Xn without replacement.
3: while the ti ’s vary do
4: for j in 1..n do
5: Add X j to some C (ti ) satisfying

‖X j −m(ti )‖2 + v(ti ) ≤ ‖X j −m(tl )‖2 + v(tl )∀l 6= i
6: end for
7: for i in 1..k do
8: ti = 1

|C (ti )|
∑

X∈C (ti ) X

9: end for
10: end while
11: Output (t1, t2, . . . , tk ).

Let h = q
n , q ∈N∗. For t ∈Rd , m(t ) = 1

q
∑q

i=1 Xi (t ), v(t ) = 1
q

∑q
i=1

(
Xi (t )−m(t )

)2

with Xi (t ) an i -th nearest neighbor of t and C (t ) the weighted Voronoï cell of t .

B. - Levrard, 2020

Convergence to a local minimum of t 7→ Pn mini=1..k ‖·−m(Pn ti ,h )‖2 +v(Pn ti ,h ).
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Numerical Illustrations

k-PDTM

Trimmed k-PDTM
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Comparison to other methods

k-means q-witnessed distance k-PDTM

Figure – Comparison of the basic methods

Truncated k-means Truncated q-witnessed Truncated k-PDTM

Figure – Comparison of the methods after thresholding
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Features lifetimes comparison

Holes Connected components
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Outliers detection

False positive number

Claire Brécheteau Robust geometric inference



Claire Brécheteau Robust geometric inference



Claire Brécheteau Robust geometric inference



Claire Brécheteau Robust geometric inference



How to approximate a manifold with a set of k ellipsoids,
from a noisy sample ?

By modifying the criterion, with Mahalanobis norms. . .
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Squared Σ-Mahalanobis norm : ‖y‖2
Σ−1 = yTΣ−1 y.

Definition
The optimal codebook θ∗ = (θ∗i )i=1..k = ((t∗i ,Σ∗i ))i=1..k : a minimizer of

θ 7→ P

(
min

i=1..k
‖ ·−mθi ,h‖2

Σ−1
i

+ vΣi
θi ,h + log(det(Σi ))

)
,

with mθi ,h the expectation of Pθi ,h and vΣi
θi ,h its variance (for ‖ ·‖Σ−1

i
).
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Figure – Illustration of the assignment phase
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An algorithm

Algorithm 2 Approximation of the k-PLM centers
1: Input Xn a n-sample from P , q = hn and k
2: Sample t1, t2,. . . tk from Xn without replacement. Set Σi = Id for i in 1..k.
3: while the θi = (ti ,Σi )s vary do
4: Set C (θi ) = {} for i in 1..k.
5: for j in 1..n do
6: Add X j to some C (θi ) satisfying

‖X j −m(θi )‖2
Σ−1

i

+w(θi ) ≤ ‖X j −m(θl )‖2
Σ−1

l

+w(θl )∀l 6= i

7: end for
8: for i in 1..k do
9: ti = 1

|C (θi )|
∑

X∈C (θi ) X ; Σi =Σ(ti ,Σi ,C (θi ))

10: θi = (ti ,Σi )
11: end for
12: end while
13: Output (θ1,θ2, . . . ,θk ).

For θ = (t ,Σ), m(θ) = 1
q

∑q
i=1 Xi (θ), w(θ) = 1

q
∑q

i=1 ‖Xi (t )−m(θ)‖2
Σ−1 + log(det(Σ))

with Xi (θ) an i -th ‖ ·‖Σ-nearest neighbor of t and C (θ) the cell of θ. Also, for
l ,m = 1..d , Σ(t ,Σ,C )l ,m = 1

|C |
∑

X∈C Pn, (t ,Σ),h (X(l ) −·(l ))(X(m) −·(m)).
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Optimum when k = 1 :

f : density on R
Σ : scatter matrix
µ ∈Rd : location parameter
P on Rd , with density :

fµ,Σ, f : x 7→
Cd , fp
det(Σ)

f (‖x −µ‖Σ−1 ).

Theorem (B. - Levrard - Michel, 2020)

If f is non-increasing, then, t∗ =µ and Σ∗ =
(
1+ 1

h
M

rh
d+1( f )

Md+1( f )

)
Cov(P ).

M r
d+1( f ) = ∫ r

u=0 ud+1 f (u)du

rh ∈R+ such that h = M
rh
d−1( f )

Md−1( f ) .
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S ∗
d ,d ′,σ2

min
= {Σ= PDP T | PP T = Id ,

D = diag(λ1, . . . ,λd′ ,σ2 . . .σ2),

λ1 ≥ . . . ≥λd ′ ≥σ2 ≥σ2
min}.

P sub-Gaussian vith variance V 2 :
(
∀r >V ,P (B(0,r)c) ≤ exp

(
− r2

2V 2

))
Rh (θ) = P‖ ·−mθ,h‖2

Σ−1 + vΣθ,h + log(det(Σ))

θ∗d ′ (resp. θ̂d ′) an Rh-minimizer (resp. R̂h) in Rd ×S ∗
d ,d ′,σ2

min

.

Theorem (B. - Levrard - Michel, 2020)

E

[
Rh (θ̂d ′ )−Rh (θ∗d ′ )

]
≤ CV 2

hσ2
min

√
Dd ′

lognp
n

for some absolute constant C > 0, with

Dd ′ = max

(
d ′

(
d − d ′+1

2

)
log(d ′), (d ′+1)

(
d +1− d ′

2

))
.
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C ∗
d ,d ′ = {{x | ‖x − c‖2

Σ−1 ≤ r }, Σ ∈S ∗
d ,d ′,0,c ∈Rd ,r > 0}.

Lemma (B. - Levrard - Michel, 2020)
The Vapnik-Chervonenkis dimension of C ∗

d ,d ′ is bounded above by

(12.416...)

(
d +1− d ′

2

)
(d ′+1).

(Dudley, 1979)
V C (C ∗

d ,0) = d +2

(Akamaa, Irie, 2011)

V C (C ∗
d ,d ) = d2 +3d

2
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k-PDTM

Thank you !

k-PLM
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Clustering with the k-PLM
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Clustering with unions of ellipsoids

We consider unions of ellipsoids indexed by α ∈R :⋃
i=1..k

{x | ‖x − ci ‖2
Σ−1

i
+ωi ≤α},

with ωi ∈R, ci ∈Rd and covariance matrices Σi .

Claire Brécheteau Robust geometric inference



Clustering with unions of ellipsoids

We consider unions of ellipsoids indexed by α ∈R :⋃
i=1..k

{x | ‖x − ci ‖2
Σ−1

i
+ωi ≤α},

with ωi ∈R, ci ∈Rd and covariance matrices Σi .

Claire Brécheteau Robust geometric inference



Clustering with unions of ellipsoids

We consider unions of ellipsoids indexed by α ∈R :⋃
i=1..k

{x | ‖x − ci ‖2
Σ−1

i
+ωi ≤α},

with ωi ∈R, ci ∈Rd and covariance matrices Σi .

Claire Brécheteau Robust geometric inference



Clustering with unions of ellipsoids

We consider unions of ellipsoids indexed by α ∈R :⋃
i=1..k

{x | ‖x − ci ‖2
Σ−1

i
+ωi ≤α},

with ωi ∈R, ci ∈Rd and covariance matrices Σi .

Claire Brécheteau Robust geometric inference



Clustering with unions of ellipsoids

We consider unions of ellipsoids indexed by α ∈R :⋃
i=1..k

{x | ‖x − ci ‖2
Σ−1

i
+ωi ≤α},

with ωi ∈R, ci ∈Rd and covariance matrices Σi .

Claire Brécheteau Robust geometric inference



Clustering with unions of ellipsoids

We consider unions of ellipsoids indexed by α ∈R :⋃
i=1..k

{x | ‖x − ci ‖2
Σ−1

i
+ωi ≤α},

with ωi ∈R, ci ∈Rd and covariance matrices Σi .

Claire Brécheteau Robust geometric inference



Clustering with unions of ellipsoids

We consider unions of ellipsoids indexed by α ∈R :⋃
i=1..k

{x | ‖x − ci ‖2
Σ−1

i
+ωi ≤α},

with ωi ∈R, ci ∈Rd and covariance matrices Σi .

Claire Brécheteau Robust geometric inference



Clustering with unions of ellipsoids

We consider unions of ellipsoids indexed by α ∈R :⋃
i=1..k

{x | ‖x − ci ‖2
Σ−1

i
+ωi ≤α},

with ωi ∈R, ci ∈Rd and covariance matrices Σi .

Claire Brécheteau Robust geometric inference



Clustering with unions of ellipsoids
We consider unions of ellipsoids indexed by α ∈R :⋃

i=1..k
{x | ‖x − ci ‖2

Σ−1
i

+ωi ≤α},

with ωi ∈R, ci ∈Rd and covariance matrices Σi .

Partitionnement (B. 2020)
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Bregman divergences definition

Definition
Let φ be a strictly convex C1 real-valued function, defined on a convex subset Ω
of Rd . The Bregman divergence associated with φ is the function dφ defined on
Ω×Ω by :

∀x, y ∈Ω, dφ(x,y) =φ(x)−φ(y)−〈∇φ(y),x−y〉.
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Some examples

Example
1 Squared Euclidean norm : dφ(x,y) = ‖x−y‖2

2 Itakura-Saito distance : dφ(x,y) = x
y − ln

(
x
y

)
−1

3 Kullback-Leibler divergence : dφ(x,y) =∑d
`=1 x` log2

x`
y`

(on the
d −1-dimensional simplex of Rd )

4 . . .

5 k-PDTM divergence (for absolutely continuous measures w.r.t.
Lebesgue measure) : dφ(x,y) = ‖x−m(Py,h)‖2 +v(Py,h) for the convex
function φ : x 7→ ‖x‖2 −d2

P,h(x).
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Basic properties of Bregman divergences

Theorem (Well known)
For every x, y ∈Ω, dφ(x,y) ≥ 0.

For every C ⊂X = {x1, x2, . . . , xn }, le barycenter xC = 1
|C |

∑
x∈C x minimises

the function
c ∈Ω 7→ 1

|C |
∑

x∈C
dφ(x,c).

For every c1,c2 ∈Ω, the intersection of the two Bregman-Voronoi cells{
x ∈Ω | dφ(x,c1) = dφ(x,c2)

}
is an hyperplane.

Consequently, the Lloyd’s algorithm (and its trimmed version) applies to
Bregman divergences. Moreover, the intersections of cells are affine subspaces.
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Existence of optimal codebooks

Definition

We denote by Rh the criterion defined for every c = (c1,c2, . . . ,ck ) ∈Ωk by :

Rh (c) = inf
P̃ ,hP̃≤P

P̃ min
i=1..k

dφ(·,ci).

Theorem (Brécheteau,Fischer,Levard 2021)

For every 0 < h < 1, il P‖ ·‖ <+∞, φ is C 2 and strictly convex and
F0 = Conv(Supp(P)) ⊂Ω◦, that is, the closure of the convex hull of the support of
P is a subset of the interior of Ω.
Then, the set argminc∈Ω(k) Rh (c) is not empty.

We denote by c∗ a minimizer of Rh , and ĉn,h a minimizer of the empirical
criterion.
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Convergence of codebooks

Theorem (Brécheteau, Fischer, Levrard 2021)
Assume that P is absolutely continuous with respect to the Lebesgue measure
and satisfies P‖ ·‖p <+∞ for some p > 2. Then, there exists c∗h an optimal
codebook such that

lim
n→+∞Rn,h (ĉn,h ) = Rh (c∗h ) a.e.

Moreover, up to extracting a subsequence, we have

lim
n→+∞D(ĉn,h ,c∗h ) = 0 a.e.,

where D(c,c′) = minσ∈Σk
maxi∈[[1,k]] |ci − c ′

σ(i )| and Σk denotes the set of all
permutations of [[1,k]].
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Rates of convergence of codebooks

Theorem (Brécheteau, Fischer, Levrard 2021)
Assume that P‖ ·‖p <∞ where p > 2. Further, if R∗

k,h denotes the optimal cost
for k centers, assume that R∗

k−1,h −R∗
k,h > 0.

Then, for n large enough, with probability larger than 1−n− p
2 −2exp(−x), we

have,
Rh (ĉn,h )−Rh (c∗h ) ≤ CPp

n
(1+p

x).
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Relation with other density functions
Some distributions which density or probability function p expresses as
p(x) = exp(−dφ(x,µ))× f (x) for f a non-negative function, φ a C 1 strictly convex
function and µ the mean of the distribution.
⇒ Clustering with dφ !

Example : Text clustering with the Bregman divergence
dφ : (x,µ) 7→ x ln

(
x
µ

)
− (x−µ) associated with the Poisson distribution with

probability function p : x 7→ µx

x! exp(−µ).
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Thank you !
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